Physical Applications of Geometric Algebra
Examples 2

1. With B a bivector and M and N general multivectors, prove that
Bx(MN)=(BxM)N+ M(BxN).
Hence show that
Bx(anA,)=(B-a)NA, + aN(BxA,).

Use this result to establish that the operation of commuting with a bivector is grade
preserving.

2. Given rotors R, = e~B1/2 and R, = 6_632/2, the product is defined by
Rg = 6_633/2 = Rle.

Prove that Bs = B; + By — %GBQ x By 4+ O(e?).
3. Prove the Jacobi identity
(AXB)xC+ (CxA)xB+ (Bx(C)xA=0.
4. Prove that for an orthonormal bivector basis, the structure constants C;k of the Lie
algebra of the 3-d rotation group are simply —¢; ;.
5. The bivector generators of the Unitary group are
Eij = eiej—l—fifj (Z<]:1n)

Fy = efi—fie; (i<j=1...n)
JZ' = erZ

Establish that this algebra is closed under the commutator product. (A few examples

should do.)

6. For a general Hamiltonian system with coordinates {z;, p;}, prove that the rescaling
x; — ax;, p; — p;/a is a canonical transformation. Given that J is dimensionless and
H has units of energy, what are the units of the vector =7

7. Prove that the reflection ¢ — —nan~! has determinant —1.

8. Prove that det(f) = det(f).
9. Given a linear function f(«) and an orthonormal frame {e; }, one can form the matrix
fi]‘ = ei-f(ej).

Prove that the matrix for f(a) is simply the transpose matrix. Also, prove that the
matrix for the product transformation h = fg is found by matrix multiplication of f;;

and 8-



10. In 2-d demonstrate explicitly that the frame-free definition of the determinant,
f(I) = det(f)] agrees with the matrix definition, with the matrix given by the formula
in the preceding question. Now introduce the vectors aj = f(ex). Show that

det(f) = ay AagA-+-Na, 7"

What is the relation of the components of the {ax} vectors in the {e;} frame to the
f;; matrix? Hence prove that the determinant of a matrix changes sign when any two
columns are interchanged. Also prove that any multiple of a column can be added to
a different column without changing the value of the determinant.

11. What is the role of the ‘Abelian’ factor K in the bivector algebra of the general
linear group? (Hint, consider the action of exp(ak/2) on a general null vector.) What
group is obtained when the subgroup generated by K is factored out?

12. Given points xg, 1 and x5 on a 2-d surface, we define the function
2 .
m(z) = Mo+ Y (v —o)-e' (M; — Mp)
i=1
where e, =y — zg and ey = 9 — zg. Prove that
%ds m(:z;) == %62/\61[61(M1 — Mo) + 62(M2 — Mo)]

where the integral is taken in a positive sense around the triangle defined by xq,
and x,. Does the result depend on the signature of the space? Can you see how this
generalises?

13. In a 2-d spacetime with basis vectors vy and v;, 43 = —~+% = 1, show that the curve
satisfying (xvyoxvy0) = 1 is a circle. The ‘normal’ to this curve is defined by V{xvyox70).
Prove that this is 2vgxvy. Plot the direction of this normal vector around the curve.
What do you notice about its direction when z is null?

14. Suppose that the spacetime bivector B satisfies B2 = 1. By writing B=a+Ibin
the yo-frame, show that we can write

A

B = cosh(u)a + sinh(u)[i) = eumd a,

A ~2 . . A ~ . .
where @* = b = 1. Hence explain why we can write B = RosR. By considering the
null vectors vy £ 73, prove that we can always find two null vectors satisfying

B-ni == :|:n:|:.

15. The logarithm of a multivector can be defined by

H?* H° X -1
Prove that R = (70 + 71 — 72)72 is a rotor and find its bivector generator. Can —R be

written as the exponential of a bivector?



16. Desargues’ theorem

This is non-examinable, but can be used as further practice in some of the algebraic
manipulations one can perform in 3-d.

The result we need to prove is
JI(ana"bAY cNd') = (Ax A Bx B'Cx(C"),

following the notation of the Handout 6, Section 2.3. One way to proceed is as follows.
First prove the two lemmas

(cAa)x(bAe) = aNbAce
and
(AB(cAc)) = (AANC)-(BAc) — (ANc)-(BAC).

(With A and B bivectors). Now introduce the dual vectors A* = AI, A* = A'[ etc.
and prove that

(AxA'Bx B'CxC"y =(A"NA"ANC™)(B*NB* ANC™')
— (A*NATNCYB*AB*ANC™).

Next establish that
A*ANB" = Je, ete.
with the same holding for the primed quantities. From this, prove
(AxA'BxB' CxC"y = JJANY B'ANa — A’Ab BAd']

Now combine the preceding results to prove the theorem.



